A geometric derivation of W ∞ Gravity based on Fedosov's deformation quantization of symplectic manifolds is presented. To lowest order in Planck's constant it agrees with Hull's geometric formulation of classical nonchiral W ∞ Gravity. The fundamental object is a W-valued connection one form belonging to the exterior algebra of the Weyl algebra bundle associated with the symplectic manifold. The W-valued analogs of the Self Dual Yang Mills equations, obtained from a zero curvature condition, naturally lead to the Moyal Plebanski equations, furnishing Moyal deformations of self dual gravitational backgrounds associated with the complexified cotangent space of a two dimensional Riemann surface. Deformation quantization of W ∞ Gravity is retrieved upon the inclusion of all theh terms appearing in the Moyal bracket. Brief comments on Non Commutative Geometry and M(atrix)theory are made.
I. Introduction
Since the classic work of Bayen et al [1] Moyal deformation quantization techniques [2] are starting to become very relevant in the area of Non Commutative Geometry, for example ( see [14] for a current review). W ∞ algebras, strings, gravity, etc were very popular candidates to extensions of the ordinary two-dimensional Conformal Field Theory (CFT) description of strings based on Kac-Moody and Virasoro algebras . For an extensive review on higher conformal spin extensions of CFT we refer to the Physics Reports article [ 5] . Not long ago, the author [8] was able to show that non-critical W ∞ strings are devoid of BRST anomalies for target spacetimes of dimension D = 27. The supersymmetric case yielded D = 11 and we suggested that the an anomaly free (super) membrane should support non-crititical W ∞ strings in their spectrum.
W ∞ covariance is of crucial importance in the Weyl-Wigner-Groenewold-Moyal quantization process [4] and for this purpose its relevance should be investigated further. The role of W ∞ algebras in Moyal quantization was also investigated by [17] . The authors in [24] were able to realize that nonlinear W ∞ algebras could be obtained by Moyal deformations of the classical w ∞ linear ones. Other important connections among membranes and strings were raised in [25] .
In this letter we present a very natural framework, in the language of Fedosov's deformation quantization [3] , where the original formulation of W ∞ Geometry presented by Hull [6] can be incorporated in a very simple fashion. In section II we discus Fedosov's Geometry and Moyal SDYM theories in R 4 . In III we review Hull's work and show how his formulation admits a straightforward incorporation in the language of Moyal-Fedosov quantization.
II. Fedosov Geometry and Moyal Self Dual Yang Mills 2.1. Fedosov's Deformation Quantization
In essence, Fedosov's [3] deformation quantization ; i.e deformations of the Poisson Lie algebra structure on a symplectic manifold, is a generalization of the Bayen et al [1] and the Weyl, Wigner, Groenewold, Moyal (WWGM) [2] deformation quantization on flat phase spaces. Given a symplectic manifold, M of dimension 2n, with a symplectic globally defined non-degenerate two-form ω, allows to define a symplectic structure in each tangent space, T x M to the point x. The Weyl algebra, W x corresponding to the symplectic space, T x M, is the associative non-commutative algebra over C with a unit element. The elements of the Weyl agebra are defined by a formal power series :
where h is a formal parameter which can be identified withh and the coordinates , y 1 , ....y 2n ∈ T x M are associated to a tangent vector at the point x. The degrees 1, 2 are prescribed for the variables y, h respectively, so one is summing in eq-(1) over elements of the algebra of non-negative degree. The noncommutative product on the Weyl algebra, W x , which determines its associative character, of two elements, a(y), b(y) is defined :
where ω ij are the components of the inverse tensor of ω ij , the sympectic two-form.
Having defined the Weyl algebra at a point x ∈ M one can defined an algebra bundle structure by taking disjoint unions of the Weyl algebras at each point; i.e a fiberwise addition. In this fashion a Weyl algebra bundle, W, is constructed as x runs over all the points in M. This allows to build in a set of sections, E(W) , denoted by a(x, y,h) which can be written in a power series :
where now a k,i 1 ......i l (x) are a set of smooth functions defined on the symplectic manifold. Differential forms can be constructed whose elements are W-valued ( instead of the customary forms taking values in a Lie algebra). A W-valued q differential form may be written :
and an exterior algebra extension of the Weyl algebra bundle, E(W ⊗ Λ) is obtained by constructing a deformation of the wedge product , ∧ o . Differential operators analogous to the exterior derivative and its dual ( divergence) are defined in [3] and reviewed in [10] . We shall not repeat it here. A torsion-free symplectic connection, ∂, preserving the symplectic structure can also be defined The symplectic connection does not change the degree of the Weyl algebra bundle. ∂ :
Fedosov defined a more general connection , D, the analog of a gauge covariant derivative, acting in an element, a, of the Weyl algebra bundle as :
for γ a gobally defined W-valued one form. Since every symplectic manifold can be equipped with an almost complex structure, J, such that the tensor defined by g(X, Y ) = −ω(JX, Y ) for all vector fields, X, Y , is a Riemannian metric on M. This yields the curvature R associated with the symplectic connection :
are respectivley W valued q, p differential forms. The curvature of the connection , D, satisfies the propery :
A connection D is Abelian if, and only if, for any section , a ∈ E(W ⊗ Λ 1 ), D 2 a = 0. Hence from (6) one can infer that the curvature of every abelian connection, Ω, is central ( commutes with all the elements a of the Weyl algebra ) and is proportional to ω ij dx i ∧ dx j . Abelian connections are very relevant in the construction of the algebra of Quantum Observables, E(W D ), which is the subalgebra of the Weyl algebra bundle comprised of f lat sections,
these flat sections ( with respect the Abelian connection) generate a subalgebra of the Weyl algebra bundle called the algebra of Quantum Observables. It is the analogous of BRST invariant states in string theory. Finally one may establish the relationship with the ordinary Moyal star product . Fedosov showed that one can assign to a flat section ( relative to an Abelian connection) a(x, y,h) a central element of the Weyl algebra , a o (x, y,h) ∈ Z, and viceversa. The bijection map ( which we shall not go into details) and the star product in the central elements of the algebra, a o , b o ∈ Z are :
in this way one can construct a star product in the space of central sections, Z, inherited from the noncommutative associative Fedosov fiberwise product of flat sections belonging to the subalgebra of Quantum Observables. When the symplectic manifold is flat, R 2n , the star product reduces then to the ordinary Moyal star product as expected. In this particular case the tangent bundle is trivial , T (R 2n ) ∼ R 2n ×R 2n and there is no difference between the fiberwise ( y i ) Fedosov products and the base space (x n ) Moyal ones. For definitions of the trace of Quantum Observables in the Weyl algebra bundle, its inner automorphisms ( analogous to gauge transformation) , symplectic diffs,... we refer to the literature [3, 10] .
Moyal Self Dual Yang Mills
It has been known for some time to the experts that 4D Self Dual Gravity can be obtained from SU (∞) SDYM , an effective 6D theory, by dimensional reduction. We refer to [9] for an extensive list of references. The bosonic and supersymmetric case was studied also by the author [7] . Moyal deformations of Self Dual Gravity were proposed by Strachan [18] and rotational Killing symmetry reductions furnished the Moyal quantization of the continuous Toda field [7] . Generalized Moyal Nahm and continuous Moyal Toda equations were developed by [27] . W ∞ is a natural symmetry of these integrable theories. Takasaki [19] and Strachan, among many others, have emphasized the importance of higher dimensional integrable theories.
In this section we will write down the main equations of Moyal deformations of SDYM theories in R 4 leaving all the technical details for the reference [9, 10] . The basic equations are obtained from a zero curvature condition which allows to gauge two of the fields A x , A y = 0 and yields for the remaining third equation :
A WWGM quantization of a SU (N ) SDYM requires finding a representation of the Lie algebra su(N ) in a suitable Hilbert space, where theÂ µ are vector-valued operators living in a Hilbert space. A WWGM quantization requires the construction of operators acting in the Hilbert space of square integrable functions on the line, L 2 (R), and the use of the symbol WWGM map to define a one-to-one correspondence of self adjoint operators into real valued smooth functions in the phase space q, p associated with the line. Evenfurther, the WWGM map takes commutators, 1 ih [Â,B] into Moyal Brackets. Hence eq-(9) becomes an effective 6D equation after the WWGM quantization :
where now, A µ (x, y,x,ỹ, q, p,h). The last equation admits, in theh → 0 limit, reductions to many of the known integrable equations, like the Plebanski first and second heavenly equations, the Park-Hussain and Grant equations,.... [9 ] . In particular , the 6D Moyal SDYM equations (10) admit a reduction to 4D as follows :
with the 6D function Θ :
Inserting (11, 12) into (10) yields the 4D Moyal first heavenly Plebanski equation :
Eq-(13) can also be rewritten, due to the fact that the Moyal bracket of the variables x, y,x,ỹ is zero, :
The dimensional reduction of the Moyal SDYM theory, from 6D → 4D, leading to the Moyal Plebanski equation , can be interpreted as a foliation of the 6D space into 4D leaves endowed with Moyal deformed ( self dual/anti self dual curvatures) hyper-Kahler Ricci flat metrics and parametrized by the coordinatesx,ỹ of the 6D space :
where Kxỹ(x, y, q, p,h) is a two-parameter family of Moyal deformed Kahler potentials. This is attained by setting in (14, 15) : x,ỹ (x, y, q, p,h), since the star product of two functions in phase space is noncommutative. The connections between Non Commutative Geometry, Matrix models [11, 12, 14, 15] and String theory [13] is now being developed by a large number of authors. We apologize for excluding many relevant references. The relevance of Self Dual Gravity in connection with N = 2 strings was initiated by [20] and pursued by many others [30, 31] . Important remarks about M (atrix) models and N = 2 strings have appeared in [29] . The role of self dual gravity and W ∞ algebras was initially worked out, among others, by [21, 22, 23] . This completes this short review about Moyal SDYM in R 4 . , n = 2, 3, ...∞ ; µ = 0, 1. These transform as densities under W gauge tranformations :
III. W-Geometry From
s labels the conformal spin 2, 3, 4....∞ of the gauge fields whose physical components have helicity ±s. From the generalized notion of a scalar line element
Hull proposed an action of the form :
where the functionF (x, y) is a co-metric W-density in d = 2 instead of a W-scalar. The action represents the integrated generalized world interval along a gobal section of the bundle T * N , where the fiber coordinates , y µ , when restricted to a section, Σ, can be interpreted as the gradients of the matter fields y µ | Σ = y µ (x) = ∂ µ φ(x). Hull used one and only one bosonic scalar field, φ(x) , living in the two-dimensional world sheet. Later we will see how to include a set of matter fields, φ i (x). The above construction presupposes that a gobal section can be found without topological obstructions ( vanishing Chern class) that allows to interpret the fiber coordinates as gradients of the matter fields. The nonlinear transformation property of the field φ(x µ ) is :
However, the formulation based on the infinite number of fieldsh µ 1 ...µ s
(s)
was redundant ( the action was reducible) in the sense that there are more gauge fields than are needed. For example,h µν has three independent components for only two gauge symmetries. Hull proved that a gauge invariant ( invariant under the transformations given by (17, 19) ) constraint could be consistently imposed on all the gauge fields in such a way that one could recast the action solely in terms of a set of unconstrained fields, h µ 1 ....µ s (s) with their traces removed at the linearized level after exploiting the W-Weyl conformal invariance. Thus, at the linearised level with respect to a flat η µν two-dim metric and to lowest order in the gauge fields one has :
The gauge-invariant background independent master constraint that generates all the constraints on the gauge fields, upon expansion in powers of y µ , and which allows to recast the action solely in terms of the unconstrained fields is :
For 2 + 2 signature one has −1 for the determinant instead in the r.h.s of (21) . The constraint (21) can be solved in a particular way by recurring to the W-Weyl conformal invariance which allows to gauge away all the traces of the unconstrained fields, leaving only traceless fields in the action with helicities ±s. The geometrical significance of the constraint (21) is the following . If one sets y µ = z µ +z µ where z µ are the complex coordinates on R 4 , µ = 0, 1, allows to view (x µ , z µ ,z µ ) as the coordinates for the bundle C T * x N , the complexification of the cotangent space T * x N at a point x ∈ N . The co-metric function is then reinterpreted as :
with K x (z,z) the Kahler potential depending on the combination z µ +z µ which is tantamount of a Killing symmetry reduction condition, the metric does not depend on the two imaginary components of z µ . :
The gauge invariant ( under the transformations given by (17, 19) ) master constraint (21) was equivalent to the Monge-Ampere equation ( Plebanski equation) for a Ricci flat, hyper-Kahler manifold associated with the compexified cotangent space at each point x µ , of the original two-dimensional surface, world-sheet, N : CT * x N ∼ C 2 . This implies that for each x µ , the corresponding curvature tensor is either self-dual or antiselfdual. Summarizing, for each, x µ ∈ N ,F (x µ , y µ = z µ +z µ ) = K x (z,z) is the Kahler potential for a hyperKahler metric on R 4 with two commuting tri-holomorphic Killing vectors. Hence, K x (z,z) furnishes a two-parameter family of metrics labelled by the points x µ ∈ N and a bundle over N is obtained whose fibers at each point are isomorphic to C 2 and equipped with a half-flat metric with two Killing vectors.
When d = 2 it is possible to construct invariant actions under a subgroup of the W transformations ( symplectic ) if, and only if, a W scalar-density exists,F (x µ , y µ ) so that the action is W-invariant up to surface terms . In d > 2 no such density exists. The reason that the action was solely invariant under a subgroup of Dif f o (T * N ) was due to the fact that a constraint on the gauge parameters λ µ 1 ....µ s (s) had to be imposed as well because under W transformations given by eqs- (17, 19) , the action behaves like :
To lowest order in Λ(x µ , y µ ) the constraint X = 0 reads :
for 2 + 2 signature one has −1 on the r.h.s of (25). The above constraint represents inf initesimal deformations of the hyper-Kahler geometry with two-Killing vectors, for a deformed Kahler potentialF →F + Λ . The constraint X = 0 on the gauge parameters is not fully symplectic-diffs invariant like eq-(21) was, it is only invariant under a subgroup of the symplectic-diffs [6] . In the next section we will present a straighforward derivation of all these constraints based on Moyal deformations of SDYM. Summarizing, invariant actions under a subgroup of the symplectic-diffs can be constructed in terms unconstrained gauge fields , h µ . The symmetry algebra of nonchiral W ∞ Gravity is a subalgebra of the Dif f o (T * N ). , For references on the twistor transform, reductions to W N Geometry and its connection to Strominger's special geometry [28] , finite versus infinitesimal transformations, etc... we refer to Hull's original work [6] . Now we are ready to recast the constraints (21, 25) in the language of Fedosov-Moyal quantization.
W-Geometry from Moyal-Fedosov
From the last two sections we can see that Hull's construction of W ∞ Geometry fits very naturally with the Moyal Self Dual Gravitational equations (14, 15) ( after a Killing symmetry reduction) . Theh = 0 limit in eqs- (14, 15) of the Moyal brackets turns into Poisson brackets and the latter, in turn, can be formulated as a simple determinant :
where ξ 1 ; ξ 2 plus complex conjugates conjugatesξ 1 ;ξ 2 are suitable functions of the x, y, q, p variables. Two Killing symmetry reductions must be subsequently performed in such a way that the x, y, q, p dependence appears solely in the combinations y i = ξ i +ξ i , i = 1, 2. In this fashion one can make contact with the two-Killing symmetry reductions imposed by Hull [6] . The four variables x, y, q, p admit a natural interpretation in terms of the z µ ,z µ variables which described the C 2 fibers of the complexified cotangent space of the two-dim surface, N at a given point x µ ∈ N . Theh = 0 limit of the Moyal heavenly equations associated with the two-parameter family of leaves foliating the 6D space, after a further Killing symmetry reduction y i = ξ i +ξ i , admit a direct correspondence with the constraints (21, 23) present in Hull's formulation :
Since we were able to identify Kx ,ỹ (x, y, q, p,h) with a two-parameter family of Moyal Kahler potentials , Θ(x,ỹ|x, y, q, p,h), it follows that Hull's co-metric density function can naturally be embedded into Θ by performing the double infinite summation typical of Fedosov's Geometry and recurring to the two Killing symmetry reductions :
Θ(x,ỹ|x, y, q, p,h) = 2n+l≥0h n Θ n;i 1 ,...i l (ξ +ξ) i 1 .......(ξ +ξ) i l .
the coefficients belong to a one parameter family of smooth tensorial functions of thex,ỹ variables ( parametrized by the integer n) :
Hull's co-metric density corresponds solely to theh 0 terms :
while the higher orderh corrections implement in one scoop the Moyal deformation quantization of nonchiral W ∞ gravity. The other constraint (25) that broke the full symplectic-diffs invariance down to a subgroup can also be understood within the framework of Moyal SDYM. The analogy of gauge transformations of the Moyal YM potentials reads : 
eq-(32) does not represent a true gauge transformation of the Ax Moyal YM potential due to the gauge noncovariant −∂ y Λ piece. One would only have true gauge covariance if, and only if, Λ, λ satisfy the property :
which implies the two conditions :
this is a very restricted condition on the gauge parameter λ and the shift parameter Λ. It is not surprising that the symplectic-diffs invariance is not fully preserved under shifts in Λ of the Moyal Kahler potential Θ. We recall from [9] that A y could be gauged to zero due to the zero curvature condition that furnishes the Moyal SDYM equations in R 4 . Hence, the gauge A y = 0 obeys one of the conditions. However, there still remains the other condition restricting the parameters λ, Λ in a highly nonlinear manner in terms of the remaining Moyal YM potentials. Similar considerations apply for the other Aỹ Moyal YM potential.
IV. Conclusion
We have shown that Hull's formulation of nonchiral W ∞ Geometry fits in very naturally inside a larger picture : Moyal-Fedosov Geometry. The incorporation of many bosonic fields φ i , i = 1, 2, 3, , , , D is straightforward in Fedosov's Geometry : the coefficients in the expansion (1) are matrix valued; i.e. the coefficients take values in the bundle Hom (E, E) where E is a vector bundle over M. For more details on this see [3] . The scalars φ i represent the embedding coordinates of the world sheet in a target spacetime background of dimension D. Since these fields are reinterpreted as matrix valued sections with a noncommutative fiberwise Fedosov product it is clear why the embedding coordinates of the string world sheet inherit a noncommutative product structure !
We hope that the Moyal-Fedosov deformation quantization approach to W Geometry will provide many new insights into the nonperturbative structure of string theory. In particular the role of W ∞ strings [8] . Paraphrasing Fairlie [16] : Moyal stands for "M"; today we advocate that M-theory "stands upside down" for W. Zucchini has shown that 4D Conformal Field Theory can naturally be formulated in real four-folds ( Kulkarni four-folds ) endowed with an integrable quaternionic structure [ 26] and a 4D extension of 2D CFT on Riemann surfaces was constructed. Quaternionic ( Fueter) analyticity played the role of 2D holomorphic analyticity. It is warranted to explore further the connections between the self duality and W-Weyl conformal invariance properties of W ∞ Geometry and Zucchini's Quaternionic Geometry of 4D Conformal Field Theory. The fact that quaternions are noncommutative points in the right direction. The non-associative character of octonions suggests that 8D Non Associative Geometries are no longer speculative figments of the imagination but should also come to play an important role in physics.
